Abstract. Half-lives of cluster radioactivity treated as very asymmetric spontaneous fission are investigated by the WKB barrier penetration probability. The potential barrier is constructed by a generalized liquid-drop model(GLDM), taking into account the nuclear proximity, the mass asymmetry, the accurate nuclear radius, the phenomenological pairing correction, and the microscopic shell correction. The calculated cluster emission half-lives reproduce accurately the experimental data. Predictions are provided for possible cluster radioactivity within the GLDM using the up-to-data atomic mass table AME2011, which may be used for the future experiments.
Introduction
Cluster radioactivity by heavy nuclei with an emitted cluster heavier than an α particle but lighter than fission fragments was first theoretically predicted in the beginning of the 1980s by Sandulescu, Poenaru and Greiner [1] . In 1984, the emission of 14 C nucleus by 223 Ra was observed [2, 3] . Sine then, other cluster radioactivities have been observed leading to 14 C , 20 O, 23 F , 22,24− 46 N e, 28, 30 M g, and 32, 34 Si emission, and their partial half-lives have been measured. The probability of cluster radioactivity is strongly related to the shell effects. Indeed, the Q value plays an important role in cold nuclear decay with the emission of charged particles. The shortest value of half-life for cluster radioactivity is obtained when the heavy daughter nucleus is a double-magic nucleus. Several theoretical approaches can be employed to investigate cluster emission: the superasymmetric fission model [4, 5, 6, 7] , which is based on Gamow , s idea of barrier penetration; among them the preformed cluster model(PCM) [8, 9, 10] , in which the cluster is assumed to be preformed in the parent nucleus and the preformation factor for all possible clusters is calculated by solving the Schrödinger equation for the dynamical flow of mass and charge; and a cluster model with a mean-field cluster potential can also provide a good description of cluster emission [11] . The conventional liquid-drop model was developed to include the nuclear proximity energy and a quasi-molecular shapes by G.Royer in 1984, which allows us to describe the fusion, the fission, cluster radioactivity, α-decay and proton emission processes [12, 13, 14, 15, 16, 17, 18, 19] . The cluster radioactivity was firstly calculated by the GLDM in 1998 years [23] . The experimental data was reproduced reasonably and the largest deviation between the calculated half-lives and experimental data is about 3 orders of magnitude. Recently, this calculation was improved by introducing the preformation factors of cluster in the mother nucleus [24] ,
, where A 2 is the mass number of the cluster and P α 0 is the preformation factor for α-decay. The calculated results coincide with experimental data within 2 orders of magnitude [20] . In these previous calculations, the shell correction and pairing correction are not considered. It is well know that the shell effects play a key role for cluster radioactivity. So it is very interesting to check how much the shell effects and pairing correction contribute to the potential barrier as well as the half-life for cluster radioactivity, which is our major motivation of this work.
The paper is organized as follows. The features of quasi-molecular shapes are given in section 2, the details of the GLDM taking into account the pairing and shell corrections are described in section 3. In section.4, the cluster radioactivity half-lives have been computed by using the W KB. In section.5, the results and discussions are presented. A summary is given in section.6. this formula proposed in Ref. [22] is derived from the droplet model and the proximity energy and simulates rather a central radius for which R 0 /A 1/3 increases slightly with the mass. It has been shown [13, 14] that this selected more elaborated expression can also be used to reproduce accurately the fusion, fission and cluster and alpha decay data. when the fragment are separated [23] ,
To ensure volume conservation, R 1 and R 2 read
where,
The discontinuity of a few MeV appearing at the contact point due to the difference between A 1 /Z 1 and A 2 /Z 2 has been linearized from the contact point to the sphere since it originates form discarding the charge rearrangement in the nuclear matter which occurs progressively. The surface energy comes from the effects of the surface tension forces in a half space. When a neck or a gap appears between separated fragments an additional term called proximity energy must be added to take into account the effects of the nuclear forces between the close surface. It moves the barrier top to an external position and strongly decreases the pure Coulomb barrier:
where γ = 0.9517 (15) r is the distance between the mass centres, h is the transverse distance varying from the neck radius or zero to the height of the neck border, D is the distance between the opposite surfaces in consideration and b is the surface width fixed at 0.99 fm. Φ is the proximity function. The surface parameter γ is the geometric mean between the surface parameters of the two fragments.
Shell energy
The shape-dependent shell corrections have been determined within the Droplet Model expressions [25] :
where, the range a has been chosen to be 0.32r 0 . α 2 = (δR) 2 /a 2 , the factor α 2 is the Myers-Swiatecki measure for the deformation of the nucleus. The attenuating factor (e −α 2 )makes the whole shell correction energy decrease from maximum to zero with increasing distortion of the nucleus. The distortion is the root-mean-square value of the deviation of the radius vector R(θ.ϕ), specifying the nuclear surface,
The E sphere shell is shell corrections for a spherical nucleus,
is obtained by the traditional Strutinsky procedure by setting the smoothing parameter γ = 1.15hω 0 and the order p = 6 of the Gauss-Hermite polynomials, wherehω 0 = 41A −1/3 MeV is the mean distance between the gross shells. [26] the sum of the shell energies of protons and neutrons. Meanwhile, we introduce a scale factor c to the shell correction. In this work, we choose c value of 0.62. To obtain the shell correction E sphere shell , we calculate the single-particle levels with an axially deformed Woods-Saxon potential and then execute the Strutinsky procedure. The single-particle Hamiltonian is written as,
with the spin-orbit potential
where M is the free nucleonic mass, ⃗ σ is the Pauli spin matrix and ⃗ p is the nucleon momentum. λ means the strength of the spin-orbit potential. In this work, we set λ = λ 0 (1 + N i /A) with N i = Z for protons and N i = N for neutrons and λ 0 value of 26.3163. The central potential V is descried by an axially deformed Woods-Saxon form
where the depth V q of the central potential(q=p for protons and q=n for neutrons)is written as
with the plus sign for neutrons and the minus sign for protons. V 0 and a are value of -47.4784 and 0.7842, respectively. V S and I are the isospin-asymmetric part of the potential depth and the relative neutron excess. where
The values of c sym and κ are 29.2876 and 1.4492, respectively [27] .
Pairing energy
The shape-dependent pairing energy has been calculated with the following expressions of the finite-range droplet model. [28] For odd Z, odd N nuclear:
For odd Z, even N nuclear:
For even Z, odd N nuclear:
For even Z, even N nuclear:
The relative surface energy B s , which is the ratio of the surface area of the nucleus at the actual shape to the surface area of the nucleus at the spherical shape, is give by
The pairing energies vary with B s .
Experimental and theoretical half-lives
In the unified fission model, the decay constant of the parent nucleus is simply defined as [23] ,
The assault frequency υ 0 has been taken as,
The barrier penetrability P is calculated within the action integral
with E(R in ) = E(R out ) = Q exp . The inertia B(r) has been chosen as,
where
Where R cont is the sum of R 1 and R 2 . The partial half-life is related to the decay constant λ by 
Results and discussions
The numerical results are given in table 1, in which the second column denotes Q values. The results calculated by the GLDM without and with taking into account the microscopic shell corrections and the pairing effects are listed in the third and fourth columns. The experimental cluster emission half-lives [30, 31] are given in the fifth column. It can be found from the fourth and fifth columns in table 1 that the deviations between the experimental data and the calculated values are less than 10 2 for the most nuclei. As can be seen from the table 1, although the cluster radioactivity half-lives span many orders of magnitude from 10 11 to 10 29 s, the calculated half-lives agree precisely with the experimental ones and the ratio between them is approximately within a factor of 10. For the total 33 clusters emission considered in this work, we reproduce the experimental half-lives of 28 clusters emission within a factor 10 1 , and 5 clusters emission within a factor 10 2 . For comparison, in the last column of table 1 are shown the corresponding results of S.N.Kuklin work [33] in which the cluster spectroscopic factors were calculated by solving the Schrödinger equation in charge asymmetry coordinates, and the decay of the cluster configuration was treated by tunneling through the barrier in the nucleus-nucleus potential within the WKB method [33] . It is found that the results of S.N.Kuklin et al [33] , except for the case of 14 C from 224.226 Ra, agree well with the experimental ones. So except for the case of 14 C from 224.226 Ra, the results from GLDM and S.N.Kuklin et al [33] are all consistent with the experimental observations. In addition, we have previously [23] calculated cluster emission half-lives within a generalized liquid drop model taking into account the nuclear proximity, the mass asymmetry and the accurate nuclear radius in adding the shell and pairing effects empirically. The theoretical cluster emission half-lives generally agree well with the experimental results. For many nuclei, the experimental half-lives are reproduced within a factor of 10. However, the empirically shell corrections relate to the magic numbers. So in our calculations here, the potential barriers have been constructed by using GLDM where the proximity effects, the pairing effects and the microscopic shell corrections are included. To obtain the microscopic shell correction, we calculate the single-particle levels based on an axially deformed Woods-Saxon potential and then apply strutinsky method. By comparing the present results of cluster emission half-lives with the results from the previously work [23] , we would like to point out that the present calculation gives better agreement with experimental data. From table 1, one of the interesting facts is that the half-life 14 C cluster emission from different parent nuclei decreases while the Q value increasing. More generally, one can observe that the half-life of the same cluster emission from different parent nuclei half-life decreases when the Q value increasing. The sensitivity of half-life with the Q value has already been pointed out by Poenaru et al [34] in the case of 12 C emission from 114 Ba. Therefore, the Q value is a key factor for the cluster radioactivity half-life calculation. From calculations, it is found that the half-life is extremely sensitive to the Q value. Even an uncertainty of 1 MeV in Q can leads to an uncertainty of cluster emission half-life ranging from 10 2 to 10 3 times. The potential barrier governing the 14 C emission from 222 Ra is displayed in Fig. 1 . The dashed and solid curve show the potential barrier relatively to the sphere without and with the microscopic shell corrections and the pairing effects, respectively. One can see clearly from Fig. 1 that R in changes owing to taking into account the shell correction and pairing effect. This will directly affect the half-lives of cluster emission. To illustrate the agreement for 14 C cluster emission between our calculations and the experimental data clearly, the comparison of the calculated cluster emission half-lives with the experimental data is shown in Fig. 2 Therefore we would like to point out that the shell effect and pairing correction play a important role for the half-life of cluster radioactivity.
In order to illustrate the half-lives of cluster radioactivity influenced by the shell and pairing effects, we shown in Fig.3 the variation of the deviations between experimental half-lives and theoretical ones (log 10 (T b 1/2 (cal.)/T 1/2 (exp.))) with various Ne cluster radioactivity from different parent nuclei. The open and solid circles indicate the results of GLDM with and without the microscopic shell corrections and the pairing effects, respectively. One can see that the absolute values of log 10 (T b 1/2 (cal.)/T 1/2 (exp.)) are generally less than 1.00. Which means that the experimental Ne cluster radioactivity half-lives are well reproduced. Whereas in the case where the shell and pairing energies are not included, the maximum deviation in the present cluster radioactivity half-life with experimental value is found for 24 Ne emission from the 235 U up to 4 orders of magnitude. Based on above precisely agreement between the results of GLDM taking into account the microscopic shell effect and the shape-dependent pairing energy and the experimental data, we would like to point out that the role of the microscopic corrections and the pairing energy are emphasized since their introduction allows us to reproduce the potential barrier characteristics which govern the half-lives.
The calculated values of half-lives for the emission of various clusters from the actinide parent nuclei are shown in Table 2 . Possible candidates for future experiments, which have half-lives to be measurable with present experimental setups. Because the calculated half-lives are agree precisely with the experimental ones, if they exist, one can extend our calculations to provide reasonable estimates of the half-lives of parent nuclei with respect to the decays by cluster emission.
Summary and conclusion
In our approach the cluster radioactivity can be described in as a spontaneous tunneling process via quasi-molecular shapes like the asymmetric fission. The decay of radioactive nuclei which emit heavy clusters such as C, O, Ne, Mg and Si has been studied within a generalized liquid-drop model, in which the potential barrier have been determined within a generalized liquid drop model taking into account the microscopic shell corrections and the shape-dependent pairing energy. The cluster emission half-lives have been calculated within the WKB barrier penetration probability without introducing preformation factor. The calculated results reproduce accurately the experimental data. From calculations, it is found that the roles of the microscopic shell correction and pairing effect are emphasized since their introduction allows us to reproduce the potential barrier characteristics which govern the half-lives. The half-life is extremely sensitive to the Q value and an uncertainty of 1 MeV in Q corresponds to an uncertainty of cluster emission half-life ranging from 10 2 to 10 3 times. Predictions have been made for some possible cluster decay of actinide parent nuclei of half-lives, we presume that the present work will be a guide to future experiments. [32] . The third and fourth columns indicate, respectively, the theoretical half-lives without and with taking into account the pairing effects and the microscopic shell corrections. The experimental data [31, 33] are shown in the fifth column and the results of Kuklin [34] 
